In Escherichia coli DNA replication yields interlinked chromosomes. Controlling topological changes 12 associated with replication and returning the newly replicated chromosomes to an unlinked monomeric 13 state is essential to cell survival. In the absence of the topoisomerase topoIV, the site-specific recom-14 bination complex XerCD-dif-FtsK can remove replication links by local reconnection. We previously 15 showed mathematically that there is a unique minimal pathway of unlinking replication links by recon-16 nection while stepwise reducing the topological complexity. However, the possibility that reconnection 17 preserves or increases topological complexity is biologically plausible. In this case, are there other 18 unlinking pathways? Which is the most probable? We consider these questions in an analytical and 19 numerical study of minimal unlinking pathways. We use a Markov Chain Monte Carlo algorithm 20 with Multiple Markov Chain sampling to model local reconnection on 491 different substrate topolo-21 gies, 166 knots and 325 links, and distinguish between pathways connecting a total of 881 different 22 topologies. We conclude that the minimal pathway of unlinking replication links that was found un-23 der more stringent assumptions is the most probable. We also present exact results on unlinking a 24 6-crossing replication link. These results point to a general process of topology simplification by local 25 reconnection, with applications going beyond DNA.
we showed that there is a unique unlinking pathway starting at a 2m-crossing replication link. In E. coli a replication link is a 2m-cat with parallel dif sites, 6 and this pathway predicts the first product to be a (2m − 1) 1 knot with two dif sites in direct repeats. Two sites along a knotted chain are in direct repeats if they induce the same orientation into the knot. Replication links are 2m-crossing right-handed torus links with parallel sites (mathematical notation: (2m) 2 1 ). The pathway in the figure illustrates, for m = 6, the only unlinking pathway starting at the parallel 2m-cat under the assumption that each reconnection step strictly reduces the minimal crossing number. All the intermediate topologies are torus links (2m) 2 1 or torus knots (2m − 1) 1 with two reconnection sites in direct repeats as in the figure. (B) One reconnection step: here the cleavage regions of the reconnection sites on a 6 2 1 link are brought together to form a synapse (shown as a ball enclosing two strings). The synapse is modeled mathematically as a 2-string tangle. In the case of XerCD site-specific recombination, the strings in the tangle contain the core regions of the dif sites (indicated by two arrows in a tangle P representing two very short segments of double-stranded DNA which physically behave as two almost straight strings) and any bound DNA which does not change during recombination (gray shaded region). Any interesting geometrical or topological complexity of the substrate is captured mathematically as an outside tangle O that remains constant during reconnection. Before strand cleavage, the substrate is modeled by the tangle equation N (O + P ) = 6 2 1 . The local reconnection is modeled by tangle surgery where P is replaced with R, yielding a product represented as N (O + R) = K, where K is a knot with two directly repeated sites. (C) Local reconnection is a simple event which can be modeled as a band surgery, where P = (0) is replaced with a tangle R = (w, 0) enclosing a vertical row of w twists, for some integer w. The rational tangle notation (or Conway notation) for such vertical tangle is R = (w, 0). In the case when w = ±1 the notation simplifies to R = (±1). In the simplest cases, P = (0) with sites in parallel alignment goes to R = (±1), and P = (0) with sites in anti-parallel alignment goes to R = (0, 0) as illustrated in the figure.
Successful unlinking by XerCD-FtsK of newly replicated plasmids containing dif sites was shown in. 10 ity during the unlinking reaction. 7 As can be seen in Fig. 2 , the gel quantification clearly illustrates 93 the reduction of replication links by XerCD-FtsK site-specific recombination at dif sites. However, 94 because of the complexity of the data, in order to confirm stepwise reduction one would need to repeat 95 the time course experiments 10 for each individual topology. This motivates the current work where 96 we remove the assumption of stepwise decrease in complexity, and design mathematical and numerical 97 methods to assess the different unlinking pathways and the identification of the most probable ones. 98 We ask whether there are other minimal unlinking pathways and hypothesize that the minimal pathway 99 previously proposed 7, 10, 19 and illustrated in Fig. 1A is the most likely among all the possible minimal 100 pathways that arise. First, we allow the complexity of the products to decrease or remain the same at 101 each step of the reaction. We provide analytical proof that there are exactly nine minimal pathways 102 of unlinking a parallel 6-cat; many of the resulting transitions are fully characterized. Characteriz-103 ing minimal pathways of unlinking by local reconnection and resolving the topological mechanisms 104 involved are problems of high theoretical complexity since the number of possibilities quickly increases 105 with the number of crossings of the substrate. Likewise, characterizing the topological mechanism(s) 106 taking a link L i to a knot K j is equivalent to characterizing all band surgeries between L i and K j (see 
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In order to discriminate between different minimal unlinking pathways for a given substrate and to 109 extend the study to higher crossing numbers, we eliminate the complexity assumption and develop a 110 Monte Carlo method to simulate local reconnection events. The method can be applied to a substrate 111 with any topology, allows products of varying topological complexity, and facilitates the rigorous quan- The computational approach provides a rigorous means to discriminate between mathematically equiv- We consider an event where two oriented sites come together and undergo cleavage followed by recon- Recall that any shortest reconnection pathway from (2m) 2 1 to the unlink has exactly 2m steps. 7 In
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Theorem 2 we show that there are exactly nine unlinking pathways satisfying Assumption 1. Outline of the proof 189 (First step) From Proposition S9, the product knot obtained from 6 2 1 is either 5 1 or 3 1 #3 1 .
190
(Second step) From Proposition S10, the product link obtained from 5 1 is either 4 2 1 or 3 1 #2 2 1 . From
191
Proposition S11, the product link obtained from 3 1 #3 1 is either 6 2 3 or 3 1 #2 2 1 .
192
(Third step) From Proposition S12, the product knot obtained from 6 2 3 is 5 2 . From Proposition S13, 193 the product knot obtained from 3 1 #2 2 1 is either 5 2 or 3 1 . From Proposition S14, the product knot 194 obtained from 4 2 1 is 3 1 .
195
(Fourth step) From Proposition S15, the product link obtained from 5 2 is either 2 2 1 or 4 2 * 1 . From
196
Proposition S16, the product link obtained from 3 1 is 2 2 1 .
197
(Fifth step) From Proposition S17, the product knot obtained from 4 2 * 1 is 0 1 . The product obtained 198 from 2 2 1 is 0 1 . In the last step, the recombination event changes 0 1 into 0 2 1 . These steps cover all 199 transitions satisfying the Assumption 1. The topological mechanisms of events between the following (substrate, product) pairs have been fully 202 characterized: 7 (3 1 , 2 2 1 ), (2 2 1 , 0 1 ), (0 1 , 0 2 1 ). The topological mechanisms between pairs (5 2 , 2 2 1 ), (5 2 , 4 2 * 1 ),
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(4 2 * 1 , 0 1 ) are characterized in the proposition below. For all transitions along the 9 minimal pathways, Fig. S3 , Proposition S18, Theorem S19, Lemma S20). in the simple cubic lattice and simulates the reconnection event. Fig. 5C illustrates the basic recon-229 nection move on a simplified polygon. Fig. 5A shows a lattice trefoil with one single reconnection 230 site, before and after local reconnection. We simulate reconnection to explore different topological 231 transitions, to quantify transition probabilities and to discriminate between unlinking pathways that 232 are mathematically indistinguishable when only substrate, product and length are specified. 233 We provide numerical evidence that, of all minimal pathways starting with the RH parallel 6-cat, the 234 one in Fig. 1A is the most likely. The weights in Fig. 4 correspond to the transition probabilities 235 obtained in the numerical simulations. More generally, our numerical data suggest that this trend holds 236 for any substrate that is a RH 2m-cat with parallel sites, or a RH (2m − 1)-torus knot with two sites 237 in direct repeats. It is important to emphasize that the simulations do not use Assumption 1. Figure 5 : (A) The substrate (left) is a lattice trefoil with 120 segments and two directly repeated reconnection sites indicated by a white sphere. The product (right) is a 2-component link obtained after one reconnection event. All substrate knots have directly repeated sites that are 60 segments apart, with a tolerance of ±6 segments, and all links have two components 60 ± 6 long so that the sum of the lengths is exactly 120. Reconnection on links is only performed between sites in different components. (B) Circos figure: all reconnection transitions in a minimal pathway from the 9 1 that satisfy Assumption1. 2-component links (resp. knots) are arranged by increasing crossing number from bottom to top in the left (resp. right) hemisphere, and are color-coded blue (resp. red). Color intensity increases with decreasing crossing number. An arc between K and L indicates at least one observed reconnection event between K and L. The thickness of the arcs corresponds to the directed transition probability between two topologies. Transitions with an observed probability < .2 are thickened to be more visible. Transitions are colored according to the probability of the most probable minimal pathway they are a member of. The first, second, and third most probable unlinking pathways from 9 1 are colored red, orange, and yellow, respectively. If no arc appears between a pair {K, L}, this means that no reconnection between them was observed. Observed transitions for all substrate topologies, including those in non-minimal pathways, are included in Supplementary Data and in Fig.  S6 in the Supplementary Methods online. (C) Local reconnection move between two directly repeated sites. In the juxtaposition the reconnection sites, indicated with hashed lines, are at distance 1 and in antiparallel alignment. (D) L are T (2, n) torus knots and links ( Fig.1) . P min (L) is the number of minimal unlinking pathways observed for L under Assumption1. P (L) indicates the total number of minimal pathways observed for L without Assumption1. It is known that there are infinitely many minimal unlinking pathways for any T (2, 2n) link with parallel sites. 17 N HOMFLY-PT is the number of distinct HOMFLY-PT polynomials observed after one reconnection.
unlinking pathways is consistent with the experimental observations for XerCD-FtsK-dif site-specific 243 recombination on DNA replication links, 10 and for reconnection in fluid vortices, 12 and is also consistent 244 with the predictions in the literature. 7, 11 245 The minimum distance between the link type L i and the knot type K j in terms of band surgeries 246 is called nullification distance. 27, 28 In the numerical experiment we started by choosing knots and Assumption 1 there are 9 minimal pathways of unlinking the 6 2 1 link. In the numerical study, we 268 find 36 minimal unlinking pathways for the 7 1 knot and 208 minimal unlinking pathways for the 8 2 1 269 link, under Assumption 1 (P min (L)). Once the Assumption is removed, we observe P (7 1 ) = 2760 270 minimal pathways for the knot 7 1 and P (8 2 1 ) = 6434 minimal pathways for the link 8 2 1 (in this case the 271 crossing number can increase at any given step). However it has been shown analytically that there 272 are infinitely many possible minimal pathways between any 2n torus link with parallel sites and the In Theorem 2 we prove that there are exactly 9 shortest unlinking pathways for the 6 2 1 , assuming 279 that at every step the complexity of the substrate goes down or remains the same. The 9 pathways 280 are illustrated in Fig. 4 . We solve the topological mechanisms involved for 6 of the 16 steps along 281 these pathways. We develop a new Monte Carlo based numerical method which allows us to model 282 local reconnection on chains of fixed length and topology. We run the numerical simulation on each 283 topology found to be within 3 nullification steps from any topology in Fig. 4 . Notice that in these 284 experiments there is nothing preventing the complexity of a substrate from going up at any given step. 285 We can determine the set of all minimal pathways from any of the substrate topologies, and single 286 out the most probable pathway. In Fig. 5 we provide numerical estimates for the number of minimal 287 pathways for torus knots and links with 7 and 8 crossings. In our numerical data the most probable we estimate the number of minimal pathways from the 7 1 (resp. 8 2 1 ) to the unlink to be at least 36 296 (resp. 208) under Assumption 1. These are not tight bounds due to the limitations with using links 297 of the form K#2 2 1 as substrates in the numerical experiments. It is known that when the assumption 298 is removed, there are infinitely many shortest pathways between the T (2, 2N ) p torus link and the 299 unlink. 17 In our numerical work, once Assumption 1 is removed we count at least 744, 2760 and 6434 300 shortest unlinking pathways for 6 2 1 , 7 1 and 8 2 1 , respectively. the two components are not interlinked, are even more problematic because both components tend to travel away from each other, thus dramatically reducing the probability of sampling conformations two (approximately) equidistant directly repeated sites; and (ii) links with 2 components of identical total length and with one site in each component. More specifically, each substrate knot is a self-7 Competing financial interests 455 The author(s) declare no competing financial interests.
